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Filtration of cohomology via semi-simplicial spaces
Oishee Banerjee
Abstract
Inspired by Deligne’s use of the simplicial theory of hypercoverings in defining mixed
Hodge structures ([Del75]), we define the notion of semi-simplicial filtration of a family
of spaces by some fixed space. A result of the semi-simplicial filtration is the existence
of natural open subsets- the ‘unfiltered strata’ or the ‘zeroth strata’. In this paper, for
any family of spaces {Xn} admitting a semi-simplicial filtration with zeroth strata {Un},
we construct a spectral sequence, somewhat like the Cˇech-to-derived category spectral
sequence. Our methods can be applied to retrieve old results. One such example is
the computation of (in some cases, stable) Q-Betti numbers of the moduli space of
basepoint free pencils of degree d ≥ 2g over a smooth projective curve of genus g,
thereby giving an algebraic version of Segal’s work ([Seg79], [FW15]).
1 Introduction
Throughout this paper, by a spacewemean a locally-compact Hausdorff topological space or
a quasi-projective algebraic varietie over some field. By a morphism we mean a continuous
map of topological spaces or a morphism of algebraic varieties.
The theory of simplicial spaces forms the core of Verdier’s theory of hypercoverings and
the subsequent vast generalisations in Deligne’s theory of cohomological descent. We take
a chip off the same block by constructing a spectral sequence similar to the way one obtains
the Cˇech-to-derived category spectral sequence, but by making use of semi-simplicial objects
in the category of topological spaces (or algebraic varieties). Instead of using an open cover
to filter the cohomology of a sheaf, we use the natural semi-simplicial objects that families
of spaces {Xn}n∈N admitting a ‘semi-simplicial filtration’ are equipped with. For a precise
definition of this phrase see Definition 2.1. Roughly speaking, we say that a family of spaces
{Xn}n∈N admits a semi-simplicial filtration by powers of M if:
1. there exists e ∈ N (called the ‘filter gap’) such that for each n ∈ N, the spaces {Tp =
M p × Xn−ep} form a semi-simplicial object T•, and
2. for all 1≤ i ≤ p ≤ n the ‘face maps’
f n
p,i
: M p × Xn−ep → M
p−1 × Xn−e(p−1)
are proper finite morphisms satisfying certain conditions (see Definition 2.1).
We call Un := Xn − f
n
1,1
(M × Xn−e) the ‘unfiltered or zeroth stratum’ of Xn.
Remark 1.1. The spaces admitting semi-simplicial filtration in the sense of Definition 2.1
can be alternatively thought of as follows. For all n the maps
M × Xn−e → Xn,
1
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via the 0th coskeleton functor cosk0 provide us with a hypercovering
· · · · · ·M3 × Xn−3e
→→→ M
2 × Xn−2e ⇒ M × Xn−e → Xn (1.1)
satisfying the conditions outlined in Definition 2.1. For further details see [Del75] and for a
readable introduction see the wonderful notes on cohomological descent by Conrad [Con].
Results. The goal of this paper is to construct a systematic framework to study families
of spaces that admit a semi-simplicial filtration by powers of some fixed space. We use
sheaves on semi-simplicial spaces to obtain a spectral sequence converging to H•c (Un), the
compactly supported cohomology of Un (or to H
•
e´ t,c
(Un;Ql), the étale cohomology with
compact supports). Our result also has a parallel interpretation as a special case of‘ algebraic
Vassiliev’s spectral sequence’ (see e.g. [Vas99]). This goal is achieved by Theorem 1. To state
it we need the following notations.
For a graded vector space V , let V (r) denote its r th graded component, and let V odd :=
⊕ j∈ZV
(2 j+1) and V even := ⊕ j∈ZV
(2 j) denote the odd and even graded subspaces of V , re-
spectively.
Theorem 1 (Cohomology of semi-simplcially filtered spaces). Let M and {Xn}n∈N be
locally compact connected Hausdorff topological spaces. Suppose that {Xn}n∈N admits a semi-
simplicial filtration by powers of M. Let e > 0 be the filter gap and {Un} the zeroth strata.
Then there exists a spectral sequence
E
p,q
1
=
⊕
l+m=q
⊕
i+ j=p
 
SymiHoddc (M ;Q)⊗Λ
jHevenc (M ;Q)
(l)
⊗Hmc (Xn−ep;Q) =⇒ H
p+q
c (Un;Q).
(1.2)
If {Xn} and M are quasi-projective algebraic varieties over a field K with charK > n, then we
have a spectral sequence of Gal(K/K)-representations
E
p,q
1
=
⊕
l+m=q
⊕
i+ j=p
 
SymiHodd
e´t,c
(M ;Qℓ)⊗Λ
jHeven
e´t,c
(M ;Qℓ)
(l)
⊗Hm
e´t,c
(Xn−ep;Qℓ) =⇒ H
p+q
e´t,c
(Un;Qℓ)
where ℓ is coprime to charK. 
Before we state the other results, let us briefly look at the ubiquity of families that admit
a semi-simplicial filtration.
Context and some examples. There are many examples of families of spaces admitting
a semi-simplicial filtration, including, but not limited to the following.
1. The nth-symmetric powers of a space X . Let Xn = Sym
nX . Define
f np,i : X
p × Symn−2pX → X p−1 × Symn−2(p−1)X
(a1, . . . ,ap), {a
′
1, . . . ,a
′
n−2p} 7→ (a1, . . . , aˆi, . . . ,ap), {ai ,ai,a
′
1, . . . ,a
′
n−2p} (1.3)
where (a1, . . . ,ap) denotes an ordered p-tuples of elements in M , and {a1, . . . ,ap}
denotes an unordered p-tuple. It is easy to check that with these morphisms as face
maps, we indeed have a semi-simplicial space {X p × Symn−2pX } that satisfies, with
the filer gap e = 2, all the conditions in Definition 2.1. The zeroth stratum Un =
UConfn(X ) is the unordered configuration space of n distinct points in X .
2
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2. The moduli space of r-tuples of monic polynomials of degree n. Let Xn be the space of
r-tuples of monic degree n homogeneous polynomials in one variable over an alge-
braically closed field K with char K > n, and let Un be the locus of those r-tuples
having no common roots. We observe that Xn admits a semi-simplicial filtration by
powers of A1. Indeed, we have a semi-simplicial space given by {(A1)p × Xn−p}0≤p≤n
with face maps defined by
f np,i : (A
1)
p
× Xn−p → (A
1)
p−1
× Xn−(p−1)
(a1, . . . ,ap), (P1(x), . . . , Pr(x)) 7→ (a1, . . . , aˆi, . . . ,ap),

(x − ai)P1(x), . . . , (x − ai)Pr(x)

That the face maps indeed satisfy the axioms of Definition 2.1 is explained in Section
3. The complex points of the space Un in this example (note that Un is defined over Z
for all n), is referred to as Ratn(P
1,Pr−1) by Farb-Wolfson, the moduli space of ‘based
holomorphic maps’ that take∞ to [1 : . . . : 1] (see [FW15]).
3. Pencils of degree n over a smooth projective curve C of genus g. Let Picn(C) denote the
space of degree n line bundles on C . A pencil of degree n is a choice of a line bundle
L ∈ Picn(C) along with a two-dimensional subspace of the vector space Γ (C ,L ) of
global sections of L . A pencil gives us a rational map C 99K P1 of degree n, well-
defined up to post-composition by Aut(P1). When n ≥ 2g − 1, the Riemann-Roch
theorem implies that dimΓ (C ,L ) = n− g + 1 for all L ∈ Picn(C). Let Xn denote the
space of all pencils of degree n over C . Then Xn is a fibre bundle over Pic
n(C) with
fibres isomorphic to the Grassmannian G(2,n− g + 1):
G(2,n− g + 1) Xn
Picn(C)
Now, a basepoint of a pencil is a point in C where all sections in the pencil vanish. So
just like Example 2, using Definition 2.1 (with e = 1), the family of spaces Xn admit
a decreasing filtration by Sym•C . The natural dense open subsets of ‘basepoint free’
pencils playing the role of Un. Note that when n≤ 2g−2, the spaces Xn will no longer
be a G(2,n− g + 1)-bundle over Picn(C).
In each of the examples above, the ‘natural’ dense open subsets i.e the zeroth strata are the
ones whose topological properties (e.g (co)homology) we are interested in. A lot of work
has been done computing the cohomology of such examples. See e.g Church [Chu12], To-
taro ([Tot96], Farb-Wolfson-Wood [FWW17] and the references therein. For the second,
there are prior results by Segal ([Seg79]), Farb-Wolfson ([FW15], from a motivic perspec-
tive), Gadish ([Gad17] from the perspective of representation stability) and others. In the
same paper ([Seg79]), Segal also has results regarding homological stability for Example
3. However, to the best of my knowledge, the fact that all of these examples can be studied
under the same framework joined by a common thread- the property of admitting semi-
simplcial filtration, has not been addressed in the literature, neither has the semi-simplicial
theory been exploited to study these examples before.
Ourmethod of proof has a similarity with Petersen’s work in [Pet17] and Tommasi’s work
in [Tom14] insofar as all have the same root- Deligne’s theory of cohomological descent. In
3
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particular, [Pet17, Theorem 3.3] computes the cohomology of a simplicial space whose face
maps are closed embeddings; and in [Tom14], Tommasi constructs an augmented semi-
simplicial space to compute the cohomology of the moduli space of smooth hypersurfacess.
Remark 1.2. Theorem 1 when applied to Example 1 for unordered configurations gives
us the dual (in the sense of Verdier duality) of the spectral sequence obtained by Totaro
in [Tot96]. The cohomology H∗(UConfn(X );Q) depends solely on H
∗(X ;Q) just as Totaro
proved in [Tot96]. However, his spectral sequence has the added advantage of reflecting the
ring structure of H∗(UConf n(X );Q) whereas analysing the differentials in (1.2) computes
for us the rational (compactly supported) Betti numbers of UConfn(X ), thus recovering a
result of Petersen’s [Pet17].
Application: Moduli space of algebraic morphisms of degree n from a genus g curve
C → P1. Let C be a smooth projective curve of genus g defined over C. Let Picn(C) denote
the space of degree n line bundles on C up to rational equivalence, G(2,n) the Grassmannian
of two planes in a complex vector space of dimension n, and let Un denote the space of all
basepoint free pencils of degree n on C .
Let c1 and c2 denote the Chern classes of the tautological bundle on G(2,n − g + 1)
for any n, and let α1, . . . ,α2g be the generators of H
1(C;Q) satisfying the usual relations
under cup-product. Also, recall that Picn(C) is isomorphic to a compact complex torus,
with H∗(Picn(C);Q) ∼= Λ(H1(C;Q)); under this isomorphism let a1, . . . ,a2g be the image of
α1, . . . ,α2g , generating H
∗(Picn(C),Q) as an algebra.
Theorem 1 now gives us the following.
Theorem 2 (Spectral sequence for the moduli space of degree n algebraic morphisms
C → P1). Let C be a smooth projective curve of genus g and let n ≥ 2g. Then there exists a
spectral sequence given by
E
p,•
1 = Vp ⊗

H∗(Picn−p;Q)⊗H∗(G(2,n− p− g + 1);Q)

=⇒ H∗c (Un;Q)
for p ≤ n− 2g, where
Vp := Sym
p−2(H1(C;Q))⊗H0(C;Q)⊗H2(C ,Q)
⊕
Symp−1(H1(C;Q))⊗H2(C;Q)⊕
Symp−1(H1(C;Q))⊗H0(C;Q)
⊕
Symp(H1(C;Q)).
The differentials on the first factor Vp are given by: ∑
1≤i< j≤p
1≤k1≤...≤kp≤2g
(−1)i jαk1 · · ·Óαki · · ·Óαk j · · ·αkp

⊗ (1⊗ e− e⊗ 1) 7→ 0
 ∑
1≤i≤p
1≤k1≤...≤kp≤2g
(−1)iαk1 · · ·Óαki · · ·αkp

⊗ e 7→
 ∑
1≤i< j≤p+1
1≤k1≤...≤kp+1≤2g
(−1)i jαk1 · · ·Óαki · · ·Óαki · · ·αkp+1

⊗ (1⊗ e− e⊗ 1)
∑
1≤i≤p+1
1≤k1≤...≤kp≤2g
(−1)iαk1 · · ·Óαki · · ·αkp 7→ 0
∑
1≤k1≤...≤kp≤2g
αk1 · · ·αkp 7→
∑
1≤i≤p
1≤k1≤...≤kp+1≤2g
(−1)iαk1 · · ·Óαki · · ·αkp+1
4
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and on the second factor H∗(Picn−p;Q)⊗H∗(G(2,n− p− g + 1);Q) its given by
c1 7→ c1 − 2
∑
1≤i≤p+1
(−1)i1⊗ · · ·1⊗ e︸︷︷︸
i
⊗1⊗ · · ·1
c2 7→ c2 −
 ∑
1≤i≤p+1
(−1)i1⊗ · · ·1⊗ e︸︷︷︸
i
⊗1⊗ · · ·1

c1
ar 7→
 ∑
1≤i≤p+1
1⊗ · · ·1⊗ αr︸︷︷︸
i
⊗1⊗ · · ·1

+ ar , for 1≤ i ≤ 2g.
Remark 1.3. When C ∼= P1 the above spectral sequence gives us that H∗(Un;Q)
∼= Q,
in perfect agreement with the results of [FW15] (also, see the references therein). For
general values of g, the theorem above can be interpreted as an algebraic version of Segal’s
result in [Seg79]. In fact the proof of Theorem 2 holds verbatim when all varieties above
are defined on an algebraically closed field K , with charK = 0 or charK > n; replacing
compactly supported singular cohomology by compactly supported étale cohomology with
Qℓ coefficients, ℓ coprime to charK .
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2 Spaces with semi-simplicial filtration and semi-simplicial resolution of sheaves
In this section our goal is to prove Theorem 1. To this end, we first set up the main definition
the entire paper is based on, which has been briefly alluded to in the introduction as ‘family
of spaces admitting a semi-simplicial filtration’. Our key ingredient in proving Theorem 1 is
Lemma 2.2, the lemma of semi-simplicial resolution of sheaves.
Let M and {Xn}n∈N be spaces. For each n ∈ N let Un ⊂ Xn be an open subset, and let e
be a positive integer. Let Sp denote the symmetric group on p elements, and let σi j ∈ Sp
denote the transposition that swaps i and j, as well as the induced autmorphism of M p
interchanging the i th and j th factors. For any space S let idS denote the identity map on S.
Definition 2.1. We say that {Xn}n∈N admits a semi-simplicial filtration by powers of M
with the zeroth strata {Un} and filter gap e > 0, if for all 1 ≤ i ≤ p ≤
n
e there are proper
finite morphisms called the face maps, with the i th face map defined as
f np,i : M
p × Xn−ep → M
p−1 × Xn−e(p−1),
and satisfying the following axioms.
1. (Covering condition) The zeroth stratum Un is defined as
Un := Xn− f
n
1,1(M × Xn−e) (2.1)
5
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2. (Recursion) The following diagram commutes:
M p × Xn−ep M
p−1 × Xn−e(p−1)
M p × Xn−ep
f n
p,i
σip×idXn−ep id
Mp−1
× f
n−e(p−1)
1,1
(2.2)
3. (Sp−1-equivariance) For all (z1, . . . , zp) ∈ M
p, x ∈ Xn−ep, and τ ∈Sp−1 we have
f np,p((z1, . . . , zp−1, zp), x) = f
n
p,p((zτ(1), . . . , zτ(p−1), zp), x) (2.3)
4. (Semi-simplicial identity)
f np,i ◦ f
n
p−1, j = f
n
p, j−1 ◦ f
n
p−1,i (2.4)
5. (Embedding condition) For all z ∈ M the morphisms
f n1,1(z, ) : Xn−e → Xn (2.5)
are embeddings.
6. (Upper bound condition) Let
πn
p
: M p × Xn−ep → Xn
be defined by
πnp := f
n
1,1 ◦ f
n
2,2 ◦ . . . ◦ f
n
p−1,p−1 ◦ f
n
p,p. (2.6)
If (z1, x1), . . . , (zp, xp) ∈ M × Xn−e are such that f
n
1,1(zi , x i) = f
n
1,1(z j , x j) = x for some
x ∈ Xn and all 1≤ i ≤ j ≤ p, then there exists y ∈ Xn−ep such that
πnp((z1, . . . , zp), y) = x . (2.7)

For the sake of simplicity we introduce some short-hand notations. For z ∈ M and x ∈ Xn−e,
let
zx := f n1,1(z, x).
Subsequently, the face maps can be written as
f np,i : M
p × Xn−ep → M
p−1 × Xn−e(p−1)
(z1, . . . , zp), x

7→

(z1, . . . , zˆi , . . . , zp), zi x

(2.8)
where (z1, . . . , zˆi , . . . , zp) ∈ M
p−1 is a (p − 1)-tuple after omitting zi . For a fixed n ∈ N, let
fp,i := f
n
p,i
, πp := π
n
p
and Tp := M
p × Xn−ep. Also, let
j : Un ,→ Xn
denote the open inclusion.
6
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Let F be a sheaf on Xn- a sheaf of abelian groups if Xn is a topological space or a
constructible ℓ-adic sheaf if Xn is a variety, ℓ coprime to the characteristic of the base field.
Observe that for all p ≥ 0, the locally constant sheaves πp∗π
∗
pF are equipped with a natural
action of the symmetric group on p letters, Sp. Denoting the sign representation of Sp by
sgnp, we take the invariants πp∗π
∗
pF under the alternating action of Sp to define
C p(F ) := (πp∗π
∗
pF ⊗ sgnp)
Sp .
Fixing n, the face maps fp,i in Definition 2.1 induce maps on the sheaves πp∗π
∗
p
F which we
continue to label as face maps and denote by Ýfp,i. We define differentials
dp+1 : C
p(F )→ C p+1(F )
by
dp+1 :=
∑
i
(−1)iÝfp,i ,
resulting in a complex of sheaves on Xn given by C
•(F ). Indeed, C•(F ) is a complex simply
because it is obtained by tensoring F with the simplicial chain complex of a standard p-
simplex.
Lemma 2.2 (Semi-simplicial resolution of sheaves). Let {Xn}n∈N be family of spaces ad-
mitting a semi-simplicial filtration by powers of M. Let e > 0 be the filter gap and {Un} be the
zeroth strata. Fix n ∈ N. Then the complex C•(F ) is quasi-isomorphic to j! j
∗F .
Proof. We prove that
j! j
∗F ,→ C0(F )
d1
−→ C1(F )
d2
−→ . . .C p(F )
dp+1
−−→ . . . (2.9)
is a resolution of sheaves on Xn by checking the same at the level of stalks, where
C p(F ) = (πp∗π
∗
pF ⊗ sgnp)
Sp
for all p ≥ 0. For x ∈ Un the complex in (2.9) reduces to
Fx →Fx → 0→ 0 . . . .
Now let x ∈ Xn−Un. If p denotes the number of points in the preimage of x under the map
f1 : M × Xn−e → Xn, then by (2.1) p ≥ 1, i.e. there are distinct points (z1, x1), . . . , (zp, xp) ∈
M×Xn−e such that zi x i = x for all 1≤ i ≤ p. By the embedding condition in (2.6), zi 6= z j for
all i 6= j. By the recursive condition in (2.2),Sp−1-equivariance in (2.3), the semi-simplicial
identity in (2.4) and the upper bound condition in (2.7), the stalks of the complex in (2.9)
is the simplicial chain complex of a standard p-simplex, tensored with F and the simplicial
chain complex corresponding a standard simplex is acyclic. In other words, the stalks of the
complex (2.9) at x ∈ Xn − Un reads as
0→Fx →⊕pFx →⊕(p2)
Fx → . . .⊕(pk)
Fx → . . .→Fx
and by the binomial identity,
p∑
k=0
(−1)k

p
k

= 0
which proves Lemma 2.2.
7
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Let Q denote Q, the field of rational numbers, or Qℓ, the field of ℓ-adic numbers. For
any space S (recall that by space we mean locally compact Hausdorff topological space
or a quasi-projective algebraic variety over some field), we let H∗c (S;Q) denote the étale
cohomology with proper supports with coefficients in Qℓ if S is a quasi-projective algebraic
variety, or singular cohomology with compact support with Q coefficients if S is a topological
space. Now, we prove Theorem 1.
Proof of Theorem 1. Plug F = QXn to the complex
j!QUn ,→ C
•(QXn)
in (2.9). We know from Lemma 2.2 that C•(QXn) is a resolution of j!QUn . Taking cohomology
with compact supports we obtain a spectral sequence which reads as
E
p,q
1
= Hq
c

Xn,
 
πp∗QTp × sgnp
Sp
=
 
Hq
c
(M p × Xn−ep;Q)⊗ sgnp
Sp
.
Applying the Kunneth formula gives:
E
p,q
1
=
⊕
l+m=q
 
H lc(M
p;Q)⊗ sgnp
Sp ⊗Hmc (Xn−e;Q).
Note (for example from [Mac62]) that for α,β ∈ H∗c (M ;Q) we have
αβ − (−1)deg (α)deg (β)+1βα= 0
when taking invariants under the alternating action of Sp i.e.
H∗c (M ;Q)
⊗p ⊗ sgnp
Sp
= H∗c (M ;Q)
⊗p/{αβ − (−1)deg (α)deg (β)+1βα = 0}.
Therefore,
E
p,q
1
=
⊕
l+m=q
⊕
i+ j=p
 
SymiHoddc (M ;Q)⊗Λ
jHevenc (M ;Q)
(l)
⊗Hmc (Xn−ep;Q).
In the algebraic setting, when all spaces are quasi-projective varieties over a field K , since
the face maps are are all algebraic morphisms, this spectral sequence is that of Gal(K/K)
representations.
3 A closer look into some examples of semi-simplicially filtered spaces
In this section we study, in further detail, the impact of Theorem 1 on the examples of semi-
simplicially filtered spaces presented in the introduction. In particular we prove Theorem
2. All the examples we see in this section are well-know and well-studied by various other
method. However, our Verdier-Deligne inspired approach unifies all of these examples under
one framework (which is the property of admitting a semi-simplicial filtration). This, to the
best of my knowledge, is new. We assume for the rest of the section that our base field is C.
8
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1. Unordered configuration spaces We elaborate on Example 1 from the introduction.
Recall that X is space, and we define a family of spaces Xn := Sym
nX for all n ∈ N. Also
recall the face maps from (1.3):
f np,i : X
p × Symn−2pX → X p−1 × Symn−2(p−1)X
(a1, . . . ,ap), {a
′
1, . . . ,a
′
n−2p}

7→

(a1, . . . , aˆi, . . . ,ap), {ai ,ai,a
′
1, . . . ,a
′
n−2p}

That the face maps satisfy all the axioms from Definition 2.1, with UConfn(X ) as the zeroth
strata and e = 2 as the filter gap, is almost immediate. Therefore, plugging in M = X and
e = 2 in (1.2), Theorem 1, one obtains the spectral sequence
E
p,q
1
=
⊕
i+ j=p
⊕
l+m=q

SymiHoddc (X ;Q⊗Λ
jH evenc (X ;Q))
(l) ⊗Hmc (Sym
n−2pX ;Q)
=⇒ Hp+qc (UConfnX ;Q). (3.1)
In the particular case when X = C, the complex numbers, we think of the family Xn can be
interpreted as the space of all monic polynomials of degree n over C, which we denote by
(C[x])n. The face maps can be rewritten in terms of multiplication of polynomials:
f np,i : C
p × (C[x])n−2p → C
p−1 × (C[x])n−2(p−1)
(a1, . . . ,ap), P(x)

7→

(a1, . . . , aˆi , . . . ,ap), (x − ai)
2P(x)

(3.2)
As before, UConf n(C), the subspace of square-free polynomials is the zeroth strata. Then
(3.1) boils down to:
E
p,q
1
=
⊕
l+m=q
⊕
i+ j=p
 
SymiHodd
c
(C;Q)⊗Λ jHeven
c
(C;Q)
(l)
⊗Hm
c
(Symn−2pC;Q) =⇒ Hp+q
c
(UConfn(C);Q)
(3.3)
Noting that H2c (C;Q) = Q and H
i
c(C;Q) = 0 for i 6= 2, the only non-zero terms in the
spectral sequence (3.1) when X = C are:
E
0,2n
1
∼= E
1,2n−2
1
∼= Q.
We thus obtain
H i
c
(UConfn(C);Q) =
¨
Q i = 2n, 2n− 1
0 otherwise.
(3.4)
Our result, via Poincaré duality, agrees with prior computations of H∗(UConf n(C);Q) (see
e.g. [Arn69], [Chu12]). One could have also avoided the path of taking compactly sup-
ported cohomology- by taking the dual of the semi-simplicial resolution of sheaves in (2.9)
and then taking cohomology, which computes H∗(UConf n(C);Q) directly and, of course,
gives the same answer.
2. Hurwitz space of degree n morphisms P1 → P1. Let
Xn :=
¦
V ⊂ Γ (P1,OP1(n)) : rankV = 2
©
,
where OP1(1) is the invertible sheaf given by the sections of the universal bundle on P
1, and
let
OP1(n) := OP1(1)
⊗n.
9
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A rank 2 vector subspace of Γ (P1,OP1(n)) is called a pencil of degree n on P
1 or a degree n,
rank 2 linear system on P1. A degree n pencil V = span{s0, s1} on P
1 defines a rational map:
V : P1 → P(V∨) ∼= P1
z 7→ [s0(z) : s1(z)]. (3.5)
Thus Xn is the moduli space of all degree n rational maps P
1 → P1, up to the action of
Aut(P1) ∼= PGL2(C) on the target, also called the Hurwitz space of degree n morphisms on
P1. Observe that Xn
∼= G(2,n + 1), the Grassmannian of rank 2 subspaces of the n + 1
dimensional vector space Γ (P1,OP1(n)). However, note that not all degree n pencils V =
span{s0, s1} ⊂ Γ (P
1,OP1(n)) give us a degree n algebraic (or equivalently, holomorphic)
morphism; only those that satisfy Res(s0, s1) 6= 0 do, where Res(s0, s1) denotes the resultant
of two functions. Given a degree n pencil V = {s0, s1}, we define Disc(V ) or Disc(s0, s1) the
base locus or discriminant locus of V by
Disc({s0, s1}) := {z ∈ P
1 : Res(s0(z), s1(z)) 6= 0}.
Define open subsets Un ⊂ Xn by
Un := {V ∈ Xn : Disc(V ) = ;},
called the locus of basepoint free pencils on P1. The family of spaces Un are very well studied,
see for example Farb-Wolfson’s paper [FW15]. But here we see how Theorem 1 computes
H∗
c
(Un) by showing that the family of spaces {Xn} admit a semi-simplicial filtration by P
1,
with the zeroth strata being {Un} and the filter gap e = 1. To this end, we define face maps
f n
p,i
: (P1)p × Xn−p → (P
1)p−1 × Xn−(p−1)
([a1 : b1], . . . , [ap : bp]), span{s0, s1}

7→
([a1, b1], . . . ,
̂[ai : bi], . . . [ap : bp]), span{(bi x − ai y)s0, (bi x − ai y)s1}

(3.6)
where [x : y] denotes the homogeneous coordinates on P1. In other words, the hypercover
under consideration is the following:
· · · · · · (P1)3 × G(2,n− 2)→→→ (P
1)2 × G(2,n− 1)⇒P1 × G(2,n)→ G(2,n+ 1)
with the unlabelled arrows denoting the face maps f n
p,i
. It is almost immediate that the face
maps satisfy all the conditions from Definition 2.1. So we put M = P1, Xn = G(2,n+1) and
F = QXn in the resolution (2.9). Taking cohomology we obtain a spectral sequence whose
E1 page, similar to (1.2), is given by
H∗(G(2,n+1);Q)
d1
−→ H∗(P1;Q)⊗H∗(G(2,n);Q)
d2
−→
 
H∗(P1;Q)⊗2⊗sgn2
Z2⊗H∗(G(2,n−1);Q)→ 0,
(3.7)
where d1 and d2, the differentials in the resolution of sheaves (2.9) continue to denote the
induced map on cohomology by abuse of notations. The spectral sequence (3.7) converges
to
H∗(G(2,n+ 1),G(2,n+ 1)− Un;Q)
∼= H4n−4−∗(Un;Q)
∼= H4n−4−∗(Un;Q),
where the first isomorphism follows from the Poincarè duality and second from the universal
coefficient theorem. Note that in the spectral sequence (3.7),
E
p,q
1
= 0 for all p ≥ 3
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since H∗(P1;Q) has rank 2 as aQ-vector space. So the problem of computing H∗(Un;Q) has
now boiled down to analysing the differentials on the E1 page in (3.7), since both H
∗(P1;Q)
and H∗(G(2,n + 1);Q) are known quantities. Finally, by a mild abuse of notations, let c1
and c2 denote the first and second Chern classes of the tautological bundle on G(2,n) (for
any n) and let t be the generator of H2(P1;Q). For clarity, let 1 denote the generator of
H0(P1;Q); for simplicity, we omit 1 from the expression of a cohomology class when it is
clear from the context. Then the differentials read as follows:
d1(c1) = c1 − 2e
d1(c2) = c2 − ec1
and
d2(c1) = c1 − 2(1⊗ e− e⊗ 1)
d2(c2) = c2 − (1⊗ e− e⊗ 1)c1
d2(e) = 1⊗ e− e⊗ 1.
With this information one can check that:
1. The kernel
Ker

H∗(G(2,n+ 1);Q)
d1
−→ H∗(P1)⊗H∗(G(2,n);Q)

= H4n−4(G(2,n+ 1);Q)∼= Q
by showing that
Kerd1 = Q-span {Pn−1(c1, c2)c
n−1
1 }
∼= H4n−4(G(2,n+ 1);Q).
Here Pn−1(c1, c2) is a polynomial in c1 and c2, characterised by
cn−1(Q) = Pn−1(c1, c2) ∈ H
2n−2(G(2,n+ 1);Q),
where cn−1(Q) is the top Chern class of the tautological quotient bundle of G(2,n+1).
2. The pullback map d2 in (3.7) is surjective.
3. The E1 page of the spectral sequence (3.7) is exact at p = 1.
Subsequently, the E2 page has only one non-zero term: E
0,4n−4
2
∼= Q and therefore H0(Un;Q) =
Q (as expected, Un being a Zariski open subset of an irreducible variety G(2,n + 1)) and
H i(Un;Q) = 0 for all i ≥ 1, agreeing with the computations of [FW15].
The arguments above work verbatim if we consider degree n morphisms P1 → Pm for
some fixed m ≥ 1, once we replace G(2,n+1) by G(m+1,n+1) above. One can check that
the above spectral sequence gives the same result as that of [FW15, Theorem 1.2].
3. Moduli space of degree n morphisms C → P1 where C is a fixed genus g smooth
projective curve. When g = 0, then C ∼= P1 which we discussed above. Now, let C be a
fixed smooth projective curve over C of genus g where g ≥ 0. Let
Xn :=
¦
(V,L ) : V ⊂ Γ (C ,L ), rankV = 2, L ∈ Picn(C)
©
,
called the moduli space of pencils of degree n over C . As explained in Example 3 in the
introduction, when n ≥ 2g − 1 we know that Xn is a fibre bundle over Pic
n(C) with fibres
isomorphic to the Grassmannian G(2,n− g + 1):
11
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G(2,n− g + 1) Xn
Picn(C)
π
where
π : Xn → Pic
n(C)
(V,L ) 7→ L (3.8)
is the projection to the second factor. A pencil V = span{s0, s1} ⊂ Γ (C ,L ) defines a rational
map just as in (3.5):
V : C → P(V∨) ∼= P1
z 7→ [s0(z) : s1(z)]. (3.9)
Thus Xn can be re-interpreted as the moduli space of degree n rational maps C 99K P
1.
Given a degree n pencil V = span{s0, s1} on C we define its base locus as
Disc(V ) := {z ∈ C : s0(z) = s1(z)}
just as in the case of C = P1 discussed in the previous example. Define open subsets Un ⊂ Xn
by
Un := {V ∈ Xn : Disc(V ) = ;}.
Note that a degree n pencil V = span{s0, s1} ∈ Xn defines an algebraic (or equivalently,
holomorphic) morphism if and only if Disc(V ) = ;; that is, if and only if V ∈ Un. The space
Un is called the moduli space of basepoint free pencils of degree n on C or the moduli space of
degree n morphisms C → P1. In [Seg79], Segal proved that up to degree n− 2g the moduli
space Un is homologous to Map(C ,P
1), the space of all degree n continuous maps C → P1.
In this paper we construct a spectral sequence using Theorem 1 that computes the rational
Betti numbers of Un up to degree n− 2g.
To this end, first observe that {Xn}, the moduli space of degree n rational maps C 99K P
1
admits a semi-simplicial filtration by powers of C with filter gap 1 and zeroth stratum Un,
the moduli space of degree n algebraic maps C → P1. The face maps are essentially similar
to (3.6), and are given by
f np,i : C
p × Xn−p → C
p−1 × Xn−(p−1)
(c1, . . . , cp), span{s0, s1}

7→

(c1, . . . , bci , . . . , cp), span{s(div(s0) + ci), s(div(s1) + ci)}
(3.10)
where, for a line bundleL and a global section s ∈ Γ (C ,L ) we denote by div(s) the divisor
corresponding the section s i.e.
div(s) := {z ∈ C : s(z) = 0},
and given a divisor D on C , we denote by s(D) the section vanishing exactly on D (note
that s(D) is unique up to scalar multiplication) i.e. div(s(D)) = D. In other words, the
hypercover under consideration is the upper row of the following diagram:
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· · · C3 × Xn−3 C
2 × Xn−2 C × Xn−1 Xn
· · · C3 × Picn−3(C) C2 × Picn−2(C) C × Picn−1(C) Picn(C)
π π π π
+3 +2 +1
where the arrows in the upper row are face maps; and the arrows in the lower row are
defined for all p ≥ 1 as follows:
+p : C
p × Picn−p(C)→ C p−1 × Picn−(p−1)(C)
(c1, . . . , cp), D 7→ (c1, . . . cp−1), D + cp.
Putting M = C and F = QXn in the resolution (2.9) and taking cohomology, we obtain a
spectral sequence similar to (1.2), which reads as:
E
p,q
1
=
⊕
l+m=q
⊕
i+ j=p
 
SymiH1(C;Q)⊗Λ jHeven(C;Q)
(l)
⊗Hm(Xn−p;Q) =⇒ H
p+q(Xn,Un;Q).
(3.11)
Noting that H∗(Xn,Un;Q) gives us H
2dimC Xn−∗(Un;Q) via Poincaré duality and the univer-
sal coefficients theorem, in that order, and that H∗(C;Q) is well-known; we are left with
computing H∗(Xn;Q) and the differentials.
To compute H∗(Xn;Q), first recall that Xn is a fibre bundle over Pic
n(C) with fibres
isomorphic to G(2,n− g + 1). To see that this Grassmannian-bundle Xn satisfies the Leray-
Hirsch theorem, observe that Xn is obtained from the vector bundle
En := ν∗P (n)
(noting that R1ν∗P (n) = 0), where
ν : C × Picn(C)→ Picn(C)
is the projection to the second factor and P (n) is the Poincaré bundle on C × Picn(C).1
Therefore,
H∗(Xn;Q)
∼= H∗(G(2,n− g + 1);Q)⊗H∗(Picn(C);Q).
Now we compute the differentials. Let c1 and c2 denote the Chern classes of the tauto-
logical bundle on G(2,n− g+1) for any n, and let α1, . . . ,α2g be the generators of H
1(C;Q)
satisfying the usual relations under cup-product. Also, recall that Picn(C) is isomorphic to
a compact complex torus, with H∗(Picn(C);Q) ∼= Λ(H1(C;Q)); under this isomorphism let
a1, . . . ,a2g be the image of α1, . . . ,α2g , generating H
∗(Picn(C),Q) as an algebra. Then the
differential
d1 : E
0,•
1
→ E
1,•
1
1The Poincaré bundle, loosely speaking, is a line bundle P (n) on C × Picn(C) such that P (n)

C×{L}
= L for
all L ∈ Picn(C). However, a line bundle defined thus is clearly ambiguous- we have not mentioned, for example,
howP (n) behaves along Picn(C). The best way to defineP (n) is by its functor of points via a universal property,
i.e. one can define a functor that is representable by the pair (P (n),Picn(C)). For details of such a construction,
see e.g. [ACGH, Chapter IV, Section 2], [Mum08, Chapter II, Section 8] etc.
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carrying on with the notations set up in the previous example and in (2.9), reads as
d1 : H
∗(Xn;Q)→ H
∗(C;Q)⊗H∗(Xn−1;Q)
c1 7→ c1 − 2e
c2 7→ c2 − ec1
ai 7→ αi + ai (1≤ i ≤ 2g) (3.12)
For p ≥ 1 we compute the differentials dp+1 in the following way. We fix a convention: for
k < 0 and any vector space V we let SymkV = 0. As noted before, the pth column of the
spectral sequence (3.11) is:
E
p,•
1
=

H∗(C;Q)⊗p ⊗ sgnp
Sp
⊗H∗(Xn−p;Q)
=

Symp−2(H1(C;Q))⊗H0(C;Q)⊗H2(C ,Q)
⊕
Symp−1(H1(C;Q))⊗H2(C;Q)
⊕
Symp−1(H1(C;Q))⊗ H0(C;Q)
⊕
Symp(H1(C;Q))
⊗
H∗(Xn−p;Q) (3.13)
for all p ≥ 0 with the qth graded component of the above expression being E
p,q
1
. For clarity,
let 1 denote the generator of H0(C;Q); for simplicity, we omit 1 from the expression of a
cohomology class when it is clear from the context. The four components of

H∗(C;Q)⊗p⊗
sgnp
Sp
from (3.13) are generated by: ∑
1≤i≤ j≤p
1≤k1≤...≤kp≤2g
(−1)i jαk1 · · ·Óαki · · ·Óαk j · · ·αkp

⊗ (1⊗ e− e⊗ 1) ∈ Symp−2(H1(C;Q))⊗H0(C;Q)⊗ H2(C ,Q),
 ∑
1≤i≤p
1≤k1≤...≤kp≤2g
(−1)iαk1 · · ·Óαki · · ·αkp

⊗ e ∈ Symp−1(H1(C;Q))⊗H2(C;Q),
∑
1≤i≤p
1≤k1≤...≤kp≤2g
(−1)iαk1 · · ·Óαki · · ·αkp ∈ Symp−1(H1(C;Q))⊗H0(C;Q),
and
∑
1≤k1≤...≤kp≤2g
αk1 · · ·αkp ∈ Sym
p(H1(C;Q))
where Óαki is used to denote that αki is eliminated from the product. For p ≥ 1, the differ-
ential
E
p,•
1
=

H∗(C;Q)⊗p⊗sgnp
Sp
⊗H∗(Xn−p;Q)
dp+1
−−→ E
p+1,•
1
=

H∗(C;Q)⊗p+1⊗sgnp+1
Sp+1
⊗H∗(Xn−(p+1);Q)
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on the first factor

H∗(C;Q)⊗p ⊗ sgnp
Sp
reads as: ∑
1≤i< j≤p
1≤k1≤...≤kp≤2g
(−1)i jαk1 · · ·Óαki · · ·Óαk j · · ·αkp

⊗ (1⊗ e− e⊗ 1) 7→ 0
 ∑
1≤i≤p
1≤k1≤...≤kp≤2g
(−1)iαk1 · · ·Óαki · · ·αkp

⊗ e 7→
 ∑
1≤i< j≤p+1
1≤k1≤...≤kp+1≤2g
(−1)i jαk1 · · ·Óαki · · ·Óαki · · ·αkp+1

⊗ (1⊗ e− e⊗ 1)
∑
1≤i≤p+1
1≤k1≤...≤kp≤2g
(−1)iαk1 · · ·Óαki · · ·αkp 7→ 0
∑
1≤k1≤...≤kp≤2g
αk1 · · ·αkp 7→
∑
1≤i≤p
1≤k1≤...≤kp+1≤2g
(−1)iαk1 · · ·Óαki · · ·αkp+1 (3.14)
and on the second factor H∗(Xn−p):
c1 7→ c1 − 2
∑
1≤i≤p+1
(−1)i1⊗ · · ·1⊗ e︸︷︷︸
i
⊗1⊗ · · ·1
c2 7→ c2 −
 ∑
1≤i≤p+1
(−1)i1⊗ · · ·1⊗ e︸︷︷︸
i
⊗1⊗ · · ·1

c1
ai 7→
 ∑
1≤ j≤p+1
1⊗ · · ·1⊗ αi︸︷︷︸
j
⊗1⊗ · · ·1

+ ai , for 1≤ i ≤ 2g. (3.15)
Armed with the differentials given by (3.14) and (3.15), one can obtain the terms E
p,q
2
for
all q, and p ≤ n− 2g. Since all varieties considered are smooth and projective, the spectral
sequence degenerates on the E2 page simply by weight considerations, thereby giving us
H2dimC Xn−m(Xn,Un;Q)
∼= Hm(Un;Q) for m ≤ n− 2g.
Recall that the description of Xn as a Grassmannian bundle over Pic
n(C) holds if and
only if n ≥ 2g − 1. That is because for all L ∈ Picn(C), when n ≥ 2g − 1, we know that
H1(C ,L ) = 0 i.e. H0(C ,L ) = n− g + 1 by the Riemann-Roch theorem, and the fibres of
the projection map π : Xn → Pic
nC in (3.8) are isomorphic to G(2,n− g+1). Therefore, the
rational Betti numbers one obtains using the spectral sequence described above are only up
to degree n− 2g.
Finally, note that Picn(C) is an irreducible 0-dimensional complex variety when C ∼= P1,
i.e. a point. In the special case when C ∼= P1 our computation gives all the rational Betti
numbers of Un, as shown in the previous example.
The arguments above work verbatim if we consider degree n morphisms C → Pm for
some fixed m ≥ 1, once we replace G(2,n− g + 1) by G(m+ 1,n− g + 1) above.
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